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Abstract. In a paper by Su and Zhao, the Lie algebra A[T>] = A^FlV] of Weyl type was 
defined and studied, where ^ is a commutative associative algebra with an identity element over a 
field F of arbitrary characteristic, and F [D] is the polynomial algebra of a commutative derivation 
subalgebra T> of A. The 2-cocycles of a class of AlV] were determined by Su. In the present 
paper, we determine the 2-cocycles of a class of Lie superalgebras of Weyl type over a field F of 
characteristic 0. 
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§1. Introduction 

Recently there appeared a number of papers on the structure theory of infinite dimen- 
sional Lie (super) algebras and conformal (super) algebras (for example, [SXZ, SZ1-SZ3, SZZ, 
X1-X5, Z] and references cited in those papers). Among them, a class of Lie algebras of 
Weyl type, which is closely related to W-infinity algebras Wi+oo, VVoo and the general con- 
formal algebras qcn (see, e.g., [BKV, S3, S4]), was studied in [SZl, SZZ, Z]. In this paper, 
we study the 2-cohomology groups of the Lie superalgebras of Weyl type, a natural gener- 
alization of Lie algebras of Weyl type, which are closely related to W-infinity superalgebras 
and general conformal superalgebras. The main result of this paper is Theorem 3.5. Since 
the classification of finite dimensional simple Lie superalgebras was given in [K2] , the role of 
Lie superalgebras has become more and more important in solving problems in the quantum 
field theory and string theory. A cohomology theory of Lie superalgebras and Lie color alge- 
bras was developed in [ScZl], while a general theory of cohomology of Lie conformal algebras 
was established in [BKV] . The cohomology theory of Lie algebras has played important roles 
in the structure and representation theories of Lie algebras. It is well-known that central 
extensions, which are determined by 2-cohomology groups, are widely used in the structure 

theory and the representation theory of Lie algebras (e.g., [Kl, KP, S3]). Unlike the finite 
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dimensional simple Lie algebras, since the complete reducibility of modules does not hold 
in super case or conformal case, one may expect that, as pointed in [BKV], the cohomology 
theory of Lie superalgebras and conformal superalgebras, is very interesting and important, 
and further, one may expect that it is more difficult as is already seen even for the case of 
finite dimensional classical simple Lie superalgebras sl{m/n) [ScZl, ScZ2]. 

The problem of determining the cohomology groups of general conformal algebras qcn 
remains open (see [BKV]). Using some techniques developed in [S2] which determined 2- 
cocycles of Lie algebras of Weyl type, a partial answer to the problem was given in [S4]. One 
of our motivation in this paper is to develop some results and techniques in order to be used 
to determine cohomology groups of the general conformal superalgebras in the future. 

Now we begin with some brief definitions. Let F be a field of characteristic 0. For any 
positive integer an additive subgroup V of the ^-dimensional vector space is called 
nondegenerate if F contains an F-basis of F^. Let ^i, ^2, ■ ' ' > ^5 be five nonnegative integers 
such that e = X)p=i > 0. For convenience, we denote 

i 

i'i—^ip, and 171,71 — {m, m + 1, • • • , n} if m, n e Z , m < n. (1.1) 

p=i 

An element of F^ will be written as o; = (cci, a^). Take an additive subgroup F of F^ such 
that 

a = (ai, • • • , a,) = (0, • • • , 0, ae,+u • • • , , • • • , 0) e {0}^^ x ^ {o}^^ (1.2) 

for all q; e F, and such that F is nondegenerate as a subgroup of F^2+^3+«4 gg^ 

J = Z5 X X {0^4 X {0, 1}^5. (1.3) 

—t — » 

For convenience, we shall always decompose a vector k — {ki, ...,ki) e J as 

k — i + j, where, (1.4) 
i^iH, te) = (fci, • • • , A;,. , 0, • • • , 0) e Z^3 X {0}^^+^^ 
J = (Ji, -Je) = (0, • • • , 0, ■■■,ke)e {0}''^ x {0, l}^^ 



and we denote 



\k\ = j:\kp\, a[p]=(0,---,0,a,0,---,0), (1.5) 



where a e Z if p e 1, £4, and a e {0, 1} if p e £4 + 1, £. 
Let 

Ai = F[r] = span{x" I a e r} (1.6) 
be the group algebra with product x'^x^ — x°''^^ for a, /3 e F. Let 



be the (super)polynomial algebra with the ordinary (or even) variables tp, p G 1,£'^ and the 



Grassmannian (or odd) variables Sq, q e 1,^5, namely, variables ip, Sq satisfy 

tpG = atp, SqSq' = —Sq'Sq (in particular, = 0) (1.^ 



for all a e A2, P G 1, ^3, G 1, Let ^ = ^1 ^2, and denote 

^a,k _ afii ... „'^4+i . . . „J> „0,0 _ -i _ 0,i J _ J / -i q\ 

— * — * — * 

for a e r and k E J written as in (1.4). Then ^ = F[r x J] is a semi- group superalgebra 
with basis {x"''^ | (a. A;) e F x J}, and the product 

— * — * — * 

for a, a' e F, k,k' e J, where we have used the following convention. 

Convention 1.1. If an undefined notion appears in an expression, we regard it as zero; 



for instance, x'^'^ = if /Cp > 2 for some p G £4, £ since in this case k ^ J. 

Let Z2 = Z/2Z = {0,1}. Then ^ = + is a Z2-graded supercommutative superal- 
gebra with the gradation spaces given by 

^0 = span{x"''+-' iJl is even}, Ai = span{a;"''+-' \j\ is odd}. (l-H) 

Define the linear transformations 5^, • • • , 5^, d^_^_^_^, • • • , 5^, d^^^-^, ' ' ' ,d^} on ^ by 

dpix"''') = kpx"'''-'i^^, d+{x"'^) = ap'x"''', a-(x"'*^) = (-l)^'4+i'''^A;,x"'*^-^w, (1.12) 



for p G 1,^3, p' G £1 -|- 1,^4, g G £4 -|- 1,£ We call the operators dp down-grading operators, 
and the operators d^, grading operators. Set 

dq = d~, dp = dp + a+, dp> = dp and 4 = de^+r, (1-13) 



for q e l,£i\j£i + l,e , p e £1 + 1,^3, p' e £^ + and r e 1,4- Then 4, r e 1,4 are the 
oc?c? (or Grassmannian) derivations satisfying — 0. 

Denote V = Yll=i ^^p- Let ¥[V] be the (super) polynomial algebra of V with basis 

\d>^=Yld^^ /X =(/.!,. ..,/.,)ei?|, where i? = x {0, (1.14) 

p=i 

and where — 1 if /i — 0. Then the vector space 

>V = >V(4, • • • , 4, r) = ^ ® F [P] = span{a;"'%'^ | (a, a!, /x) e T x J x i?}, (1.15) 

becomes a Z2-gradcd associative superalgebra, called a superalgebra of generalized Weyl type, 
under the operations (cf. [SZl, SZZ]) 

udf" -vd" = uYl {x) (-l)^^''^^^''~^^+^^4<p<«<^(''«-^«)"^a^(^;)a'^+--\ (1.16) 

where is a homogeneous element of A with degree g{v) e Z2 (the gradation of the elements 
in W is defined by (1.11) and by g{dp) — if p < i'4 and g{dp) — 1 otherwise), and in 
general g{fi) = Ep=^^+i /"p /x e ^, and (^) = np=i(A^) (here (^) is defined to be 
j{j - 1) • • • (j - i + 1)A! if i > or otherwise), and d^{v) = d^'^d^^i- ■ ■ (d^'iv)))). Here 
we have again used Convention 1.1; for instance, ^^'''4+11 — Q since 2[£/^+i] ^ K. We shall 
ALWAYS omit the product notion "•" when the context is clear. 

Under the usual bracket, the superalgebra W induces a Lie superalgebra, also denoted 
by W and called a Lie superalgebra of generalized Weyl type, which is central simple in the 
sense that [>V,>V]/F is simple (see [SZZ]). 

§2. Preliminaries 

Since we shall be mainly interested in infinite dimensional cases, we assume £4 7^ 0. 
Choose a basis of W to be S = ^x^'^'d^ \ {a,k, fj,) e F x J x K}. Fix an element 



rer such that Tp 7^ for all pe4 + l,-^4. (2.1) 
For 11 = {ill, ■ ■ ■ , iii) e K, we define the level of /i, by |/x| = Ylp=i t-^pi an<i define a total order 

— * 

on K by 

/X < /x' 1/^1 < l/x'l, or 1/^1 = |/x'|, 3p such that jjiq = ^'^{q < p) and jjip < jji^. (2.2) 



Recall that a 2-cocycle on Lie superalgebra W is an F-bilinear function : W x W — > F, 
satisfying the following conditions 

V'K,'U2) = -(-l)^^"'^^^"'VK,ii2) (super-skew-symmetry), (2.3) 
V^(mi, [«2,«3]) = ij{[ui,U2iu^) + (-l)^("i)^("^V(«2, [«i,M2]) (super- Jacobi identity), (2.4) 

for ui,U2,U2, e W (we shall always assume an element in W is homogeneous). The vector 
space of 2-cocycles on W is denoted by C^(>V, F). A 2-cocycle is called 2-cohoundary or 
trivial if there exists an F -linear function / on W such that ip = ipf, where 

ipf{ui,U2) = f{[ui,U2]) for ui,U2eyV. 

Denote the vector space of all 2-coboundaries by i?^(>V, F). Two 2-cocycles ^,0 are equiv- 
alent if 4> — ip is trivial, the quotient space 

H\W,¥) = C\W,¥)/B\W,¥) 

is called the 2-cohomology group of W. 

The first preliminary result in obtaining our main theorem is the following rather technical 
lemma. 

Lemma 2.1. Let ip be a 2-cocycle on Lie superalgebra W, then there exists a 2-cocycle 
(f equivalent to ip such that 



(^(ip9p,x"''=9'') = if pel,e'„ (2.5) 



(p{dp,x'^'^d'') = if pel J, (2.6) 



(^(spap,x"'^a'^) = if pei,4, (2.7) 

for {a, k, fi) E T X J X K {of. notations (1.9) and (1.13)). 

Proof. Define an F-linear function /: W ^ F as follows: For x'^'^^d^ e B with a ^ 



let g e ^1 -I- 1,^4 be the minimal index such that aq ^ 0, we define f{x°'''^d^), inductively on 
l^gl, by 



/(a;"'^',9^) = { 



a-\ip{dg, x'^'^d^') - kqf{x'^^^-h<Ad'')) if kq > 0, 

-(1 + fi,y\'ip(tqd„ a;"'%^) - a J(x"'^+1M(9'^)) if kq = -l, (2.8) 

{kg + l)-\ilj{dq, a;"'^+^Ma'^) - a J(x"'^+^wa'^)) if kg < -2. 
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Note that dq e Wg and [dq, x"'^'^] = Q;qX"'%''+A;gX'*'^-^w9'^. If kq > 1, then {k-l[q]) e J, so, 



^a,fc-i[,,QM e 5. if < _i then ? e £'2 + 1, -^3 and x^'^^+^M^'^ e 5, t^^, e Wg, = 
^^^a,k+iyq^Qn _|_ _ n^^x'^'^d'^. Thus the right-hand side of (2.8) makes sense in all cases. 

For t^d^ e B with k = i + j and i 7^ 0, let r be the minimal index such that v 7^ 0, we 
define 

^(^^QM) ^ / - /^'O^'V^ltra., t^d'^) if 2, ^ /i,, ^^^^^ 

I (V + 1)-V(^r,t^+^M5'') if ir = l^r- 

Note that in (2.9) since ir ^ 0, we have r < £3 and trdr G Wg, so the right-hand side of (2.9) 
makes sense. 



For s^d^ e B with j 7^ 0, let r' e £4 -|- 1,£ be the minimal index such that jV' 7^ (i.e., 
jV' = 1), we define 



where in general we denote 



'4}{Sr'-l'pr'-l'^-, S^d^) if 1 = jr' ^ Ur' = 0, 

iiS^>) if 7^ 0, p = = 1, 



[al^^Uoii" for aeP, Ae/sT. (2.11) 
Note that [sr'-e'^dr>-e'^, s^^^']^s^^^' if l=jV,7^//^, = 0, and [81,^3^8"] = if £^ 7^ 0, and 
[x^, x-^s^V+'[^4i] = -r^, (;,^, + l)s^>- ^ x-^s^Y^ Y'^*^ )a^(a;^)a''+'i^4i-^ (2.12) 

if £3 = 07^^4. We define f{sW^) by induction on /x with respect to the order defined in (2.2). 
Finally for 8'^ & B with e i?, if £3 7^ 0, we define 

f{8^^)=i,{d,Mdn, (2-13) 
and if = 7^ e^, we define (cf. (2.11) and (2.12)) 

/(9'') = -(r,, (//,,+l))-^(V'(a;-,a;-a'^+'>^4i)+ ^ (^^^'^^ )[r] ^(9'^^''^^'"')) (2.14) 

A€i?,A7^0,l[^/] 



by induction on the order of 

Now set (p — t/j — t/jf. For v — x"''^d^ e B, we define 



Q — Qv — niin{g e + 1, £4 | a, 7^ 0} if a 7^ 0, 
< r = ry = mm{r eT^^\ir ^0} if I 0, (2.15) 

r' = r; = min{r'e if jy^O, 

(when there is confusion, we add subscript v to the notation). Then by (2.8)-(2.14), we have 





= 


if a 7^ 0, 




(2.16) 


ip{tgdg,X'''^d'') 


= 


if q; 7^ 0, = 


-1, 


(2.17) 




= 


if Ij'p ^Xif^ 




(2.18) 




= 


if ij. > 2, = 


ir — OT r — 1, i — l[i], 


(2.19) 




= 


if 1 = 2r' 7^ A*r 


= 0, 


(2.20) 




= 


if £'3 7^ 0, 2r' = 




(2.21) 




= 


if 4 = 07^^ 




(2.22) 


(^(a;^x-^9^+'[^4l) 


= 


if ^3 = 7^ 4. 




(2.23) 



Now we prove the lemma in 4 cases. 

Case 1: a 7^ 0. Let q be as in (2.15), by (2.16) and (2.17) we obtain 

= ^{dq, apx"'''+'^^W + {kp - /ip)x"'%^) = ip{dg, [tpdp, a;"'%^]) 

= ip{[dg, tpdp],x"''^d^') + if {tpdp, [dg, x'^^^d^]) 

= 5p,g^{dp, x^'%'^) + ^{tpdp, + iqx'^'^-^M d^) 

= ag(p{tpdp,x'^^''d^')+iqip{tpdp,x'^^''-^i''W^) for p e V^. (2.24) 

We also have 

= ip{dg, Q;px"'%^ ± ipx"'^-'w9'*) = ip{dg, [dp, a;"'%^]) 

= a5(^(ap,a;"'%'^) +ig(^(ap,a;"'^-^wa'^) for p e M, (2.25) 

(note that when p G £4 + 1, (9p is an odd derivation, so it may produce a minus sign when 
applying it to x"'*^). If ig > 0, then (2.5) and (2.6) follow from (2.24), (2.25) and induction 
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on iq. If iq — —1, p — q, then (2.5) and (2.6) follow from (2.16) and (2.17). Assume 
iq — —1, Py^q. Using (2.17) we have 

= <p{tqdq, [tpdp, X"'^'^]) = <p{tpdp, [tqdq, x"'^'^]) 

= ifiitpdp, aqX'^'^+'l^W^ + iqX'^'h^' - l^qX'^'h^) = -(1 + fiqMtpdp, x"'%^), (2.26) 

which imphes (2.5), where the last equality of (2.26) follows from the fact that (2.5) holds 

when iq > 0. Using (2.24), the proof of (2.5) can be completed by induction on —iq when 
iq < —2. To complete the proof of (2.6), first suppose pel, £4. If iq = —I, then 

o = 99(t,a„[9p,x"'%^]) 

= ip{[tqdq, dp],x"''^d^) + ifiidp, [tqdq, x"''^d^]) 

^-Sp,qCp{dp,x'''^d>')+aqCp{dp,x'''^+'fld>') - (1+/X,)99(a^,x"'%^) 

= -(1 + S,,q + l^qMd,, X^'%n, (2-27) 

which implies (2.6), where the last equality of (2.27) follows from the fact that (2.6) holds 
when iq > 0. If iq < —2, (2.6) is obtained from (2.25) by induction on —iq. Next suppose 
p E £'4 + If iq — —1 then from (2.5) we have (noting that p q in this case) 

= ifitqdq, [dp, X"'%'^]) = ifiitqdq, 9^], x"'^'^) + ip{dp, [tqdq, x'^'^d^]) 

^aq<f{dp,x''^'^+'i^W'') - (1 + /x,)^(9p,x"'%'^) = -(1 + //,)(^(6'p,x"'%^), (2.28) 

which implies (2.6). The proof of (2.6) is completed by (2.25) and induction on —iq when 
iq < —2. The proof of (2.7) is similar to that of (2.5). 

Case 2: a = 0, i ^ (which implies £3 > 1). Let r be as in (2.15). First we prove (2.5). 
If ir 7^ A*r, then by (2.18) we have 

= ^{trdr, [tpdp,t''d'']) = ^{[trdr,tpdp],t''d'') + ^{tpdp, [trdr,t''d^]) 

= {ir - fjLr)(p{tpdp, t'^d") (noting that r,p e Tj^), (2.29) 
which implies (2.5). Assume ir — iJ>r- Then we have ir > 1 (cf. (2.15)), and 

ip{tpdp,i'd^) = {l + tr)-'ip{tpdp,[dr,t'^+'^^W^]) 

= (1 + ir)-\-Sr,p + ip + 5p,r - f^pMdr, t'^+^l^W") = 0, (2.30) 
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which gives (2.5), where the last equahty follows from (2.19) by noting that the condition 
of (2.19) is satisfied by i^+^w^'^ since v + 1 = //^ + 1 > 2. Similarly we have (2.7). Next 



consider (2.6). First suppose pG 1, £4. Since 



. (ii + l)~H9i,i^+^wa^] if ii 7^-1, 
t'^d'' = { . (2.31) 

-(i + /ii)-iMi,t'=a^] if^i = -i, 



we have 



(p{dp,t d'') = <( ^ (2.32) 

-(1 + fXi)-\M9i, f'd^^) if ii = -1, 

where the second case is obtained from the super- Jacobi identity and (2.5). So the proof of 
(2.6) is reduced the case p — 1. Using (2.5) we have 

= ifiihd,, [d,, t%'^]) = (-1 + ^1 - ^l^M^^, t%^). (2.33) 

Thus it remains to consider the case ii = /^i + 1. The result follows from (2.19) if /xi > 1 or 



i = Thus assume fii = and i 7^ Then igi 7^ for some q' e 2,i'^ and we denote q' 
to be the minimal index with iqi ^ 0. If iqi ^ /i^/, then by (2.5) we have 

= cp{tq,dq>, [du t'>]) = (V - /XgO¥'(^i, ^'>), (2-34) 

and if ig' — /iqi then 

<p{d,,t^d'') = (v + 1)-V(5i, [dq>,t'^+'i^'W'']) = (v + l)-V(59',^'"'w+'[''''5'') = 0, (2.35) 

where the last equality follows from (2.19) by noting that q' is precisely the number defined 
in (2.15) for v — t'^'^^^^'^^Md^. Finally assume p e £4 + 1,£. From the result above we have 

= ^{d,, [d„t'+'i^^d'']) = ^{d„ [ai,t^'+^wa^]) = (zi + lMdp,t'dn, (2.36) 

which implies (2.6) if ii ^ —1. If %\ — —1, then (2.5) gives 

= (^(ii9i, th^\) = (/p(9p, i%^]) = -(1 + //i)(/^(ap, t^'^), (2.37) 

which implies (2.6) since [X\ > 0. 



Case 3: a — 0, i — 0, j ^ 0. Consider (2.5). For p e 1,^3, we have 

(^(tp^p, s^>) = (^(tp^p, [a^, tps^>]) = 0, (2.38) 



where the last equahty follows from the super- Jacobi identity and Case 2. Consider (2.7). 
Assume p e 1,^5. If ^3 7^ 0, then similar to (2.38), we have 

(^(sp4, s^>) = ip{spdp, [d^.tjd^]) = 0. 

Assume £3 = 07^ £4. Let r' be as in (2.15). If /x^' = 0, we have 

(p{spdp, d'^) — (p{spdp, [sr'-e'^dr'-e'^, sW^]) — (cf. notations (1.9) and (1.13)), 

where the last equality follows from super- Jacobi identity and (2.20). If /ir' — i—jr', we have 

= (p{[spds,x'^],x~'^s^d'^~^^^''''i^) (since [sp9p) = 0) 
= ip{spdp, [x^x-^s^V+^[^4I]) (from (2.4) and (2.22)) 

- - E r\^^'''%]Mspdp,s^d''-'^'^^'^^) (cf. (2.11)), (2.39) 

and (2.7) follows from the induction on |//|. Consider (2.6). If p e 1,^3, we have 

= (p{tpdp,[dp,s^d^]) (since [6>p,s^>] = 0) 

= ^([tpdp, dp],s^d^) + ^(dp, [tpdp, s^>]) = -(1 + iipMdp, s^>). (2.40) 

Assume p & i'^ + 1,£. If £3 > 1, we have 

ifidp, s^>) = ifidp, [d,, tjd^]) = ifidu [dp, hs^d'^]) = (by Case 2). (2.41) 

Assume i'^ — 0. If there exists p' E £'4^ + l,£\{p} such that jp' ^ fXpi, then 

<f{dp, s^d^) = ^{dp, [sp,_,dp._,^, s^d^']) = (by (2.4) and (2.7)). 

Assume 

V = l^p' for all p' e £'i + l,£ \{p}. (2.42) 
If p = r' and 1 = jV' — IJt' , we have 

= (p{sr'-e'A'-i4^ [^P' ^^^'']) = -¥'(o'p> s^"^'') (cf- notations (1.9) and (1.13)) 

by super-Jacobi identity. Assume p = r' and 1 = jr' 7^ = 0. Let v = [dp, x^'^s^d^^^^^^''^^] — 
x~'^ s-'~^l'"'W'^~^^^^iK Then v either has the form x~'^(?'^^^'''4i (if = ly^) or r(, 7^ r' satisfies 
jr[, — l^r'^ — ^ by (2.42) and by definition (2.15); in either case, we have 

ip{x^,v) = (by (2.22) or (2.23)). (2.43) 
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Thus 

= (^( [6>p, x^] , x-^s^V+^i*4i ) (since [dp, x^] = 0) 
= ip{dp, [x^ x-^s^V+'[^4l]) + x-^s^V+'[^4l], x^) (by (2.4)) 

- (^(^p, [x",x-"s^V+'[^4i]) 

= -E (^'t^''^')[r]V(9p,/9^''''^ii-') (cf. (2.12)), (2.44) 

which gives (2.6) by induction on /x, where the third equahty follows from (2.43). Finally 
assume p ^ r' . Then by (2.42) we must have 1 = jr' = i-ir', and we still have (2.44) where 
now the third equality follows from (2.22). 



Case 4: a = 0, A; = 0. Prom (2.38), we have (2.5). Consider (2.6). If p e 1,1'^, then 

= ^(f^^dp, [dp, d^]) = -(1 + iipMdp, d''), (2.45) 



which implies (2.6). Assume p E + 1,£. If £3 > 1, then 

^{dp,d^) = <f{dp, [d,,t'i^W'^]) = <fi^^, [dp,t'wd'^]) - 0. (2.46) 

If fg = 0, then 

= cp{[dp,x^ix-^cf^'''.) = - E r\^'')nr,''^{dp,cr^'^'^^-') (2.47) 

by (2.12), (2.23) and by noting that if p < ^4 then = r^x^, [dp, x'^d^^'^^^''^^ = 

—TpX~'^ d'^'^^^^'i^ and if p > £4 then [dp,x'^] = 0, [dp,x~'^d'^'^^^^''i^ = 0. Induction on \n\ gives 



(2.6). Finally consider (2.7). Suppose p G 1,^5. If £3 7^ 0, we have 

= (^(^1, Mp,tia^]) = ^{spdp, [d^,hd>^]) = ^{spdp,d^^). (2.48) 
If £'3 = 0, £^ 7^ then by (2.23) and (2.12) we have 

= 'f{[spdp,x%x--d^^'Ky) = ^{spdp, [x-,x--9''+''^4i]) + ^(x-, [5p4,x--9''+''^4]]) 

which gives the result by induction on This completes the proof of the lemma. □ 
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§3. Main results 

Recall that we assume £4 > 0. Denote 

Wo = span{x"%''| (Q;J,//)erxJ'xX'}, J'^zJ xZ^^ x {0}^^+^^ K'^Z^^x{oY' (3.1) 

(cf. (1.3) and (1.14)). Then Wo is a Lie algebra of Weyl type whose 2-cocycles were considered 
in [S2] (cf. also [L], [LW], [SI]). The following result can be found in [S2]. 

Theorem 3.1. (1) If i'^ — — 1^ then if^(>Vo,F) = F0q, where 0q is the cohomology 
class of 00 defined by 

cl>omUx^[d,l) = W(-l)"/^!^!(^+t + 1)' (3.2) 

for a,P er C¥, e Z+, where = 9i(9i - 1) ■ ■ ■ {di - ^ + 1). 

(2) If i'^ — is — 1, then for any 7 G there exists a cohomology class (f)^ e if^(Wo,F) 
defined by 

^^.-'a-y^'an = w(-i)>!.. E (1)^-^-^^ . , (3.3) 

for all {a, i, /j,), (/3, j, i/) G F x Z x Z_|_, where as in [S2], ^ is understood as zero when k < 0, 
and when a is taken value 0, it is understood as limQ,_+oCt (thus in particular, a^^"^^~'^ = 1 
iffx + v + l — r — and a — 0). Furthermore i?^(Wo, F) = n7er ^^^7 ^ direct product. 

(3) + 4 > 1 or > 2, then H'^(yVo,¥) = 0. □ 
Remark 3.2. (1) It is proved in [S2] that 0^ is in fact a 2-cocycle of the associative 

algebra Wo, satisfying 

4>^{a,bc) + (j)^{b,ca) + (})^{c,ab) = for a,6, cgWo. (3.4) 

(2) In the case of Theorem 3.1(1), we can suppose 1 G F (see e.g., [SZ2]). Then we can 
define the derivative ^ by ^a;" = ax°'~^. We have [di]^ = x^{-^Y (3.3) becomes 

Ux''^'&,x^^''&) = W,o(-l)>!^!(^+t + 1) G F, G Z+ (3.5) 

(this 2-cocycle for the case F = Z (the classical Weyl algebra) seems to appear first in [KP]). 
We prove as follows that 0o also satisfies (3.4): First by (3.5), we have 

Mx''^''&,x'^''{£r) = (-l)'^^^ (^^^^''|-^^, 0o(^\^°^"(^)"^'^^^(^"^'^))- (3.6) 
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Using this and ^ T,xez+ix)[P + ^U^''^'^^''^''~\iT^"~^ (where [/3 + Ha 

is a similar notation to [di\x, cf. (3.2), (1.16)), we have 

Ma&MB''c{iy)-ty^r^^^^ (3.7) 
for a,b,c E Aq (cf. (1.11)), where k — iJ, + u + X. Using shifted version of (3.7), we have 

Mb&:CmMir) = X:(-l)-+- '^;i^,Y~y (^)0o(x\a(A)-((|-)^+i--(6)c)), (3.8) 



Mc&, a&biir) = |:j-l)' ^(l+'i^_,)!' (a0o(x\ a(|:)^(6)(|:)'=+-lc)). (3.9) 

Denote the right-hand sides of (3.7)-(3.9) by ^^P,«</'(^^ «(£)'(^)(£)^^^"'(c)) for p = 

1,2 and 3 respectively. Using (l+x)^+^~''(l+x)^*^^+^) = {l+x)^~^'^~^ , we deduce the binomial 

formula Eg(-l)*(^i^i ^ ^)(^ J ^) = (^ ~ Prom this, we can deduce that if s < 
then 

^^'^-5^"^^ {k + l-q)\^^^^ ' '-^-^^ (fc + 1-.)!^^^-"^^'^' 

and (^2,8 = 0; and if < s < + i/, then di ^ = ^2,3 = c^3,s = 0; and if//-|-i/<s<A;-|-l, then 

-Vr lW<?+l ^'(A + /X-g)! Aw g 

- ,y "^^ ()t + l-g)! ^^^^fc + 1 - - -^^'^ 

and ds^s — 0. This proves that the sum of (3.7)-(3.9) is zero. □ 
Assume £5 > 0. Observe that as an associative superalgebra under the product (1.16), 
W can be decomposed into the following tensor product of super-subalgebras: 

>V = >Vo®>Vi, Wi = >Vi,i®>Vi,2®---®>Vi,4, (3.10) 

where 



Wi,p — spa,n{s^dp \m,ne {0, 1}} (a superalgebra of dimension 4) for p e 1, £5 (3.11) 
(cf. notations (1.9) and (1.13)). Denote 



= Wo ® >Vi,i ® • • • ® >Vi,p_i ® >Vi,p+i ® • • • ® >Vi,4 for p e 1,4- (3.12) 
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In the following, an element v will always mean a homogeneous element with g{v) e Z2. 
Observe from (1.16) that 

[u, vw] = [u, v]w + (-l)^(")^('')'t;[ii, w] for u,v,w e W. (3.13) 

Thus for a, 6 e Wo, u,v E Wi and y,z E , we have 

[au, bv] = [a, b]uv + ba[u, v], (3-14) 

[ysp, zsp] = [ydp, zdp] = 0, (3.15) 

[yspdp, zspdp] = [yspdp,z] = [y,z]spdp, (3.16) 

[ysp, zdp] = (-l)^(^) ([y, z]spdp + i-iy^y^^^^hy) . (3.17) 

Now suppose (fi is a, 2-cocycle satisfying (2.5)-(2.7). 
Lemma 3.3. We have 

fiy, = (fiiysp, z) = ip(ysp, zSp) = ^{ydp, z) 

= ip{ydp, zdp) = (p{yspdp, zSp) = (p{yspdp, zdp) = 0, (3.18) 

{-l)^^''^(p{ysp, zdp) = (p{y, zSpdp) = (p{yspdp, zSpdp), (3.19) 



for p e 1,4 and y,z e Wp. 

Proof. We have ^p{y,z) — (f{[dp,Spy],z) = {—l)^~^^'^y^(p{spy,[dp,z]) = 0. The other 
equahties of (3.18) follow from the fact 

= ^{spdp, [ys^d^, zs'Jd;]) ^{k + k'-ii- v)^{ysld>;, zs';d;) (by (2.4) and (2.7)) 

for k, k', /X, 1/ e {0, 1}. By (2.4) and (2.6), we have 

= ipidp, [ysp, ZSpdp]) = (-l)^(^) (ipiy, zSpdp) - (-1)^(^V(?/^p, zdp)) , 

which gives the first equality of (3.19). Since VV^ = [W^, Wp], by linearity, we can suppose 
z = [^1, Z2\ for some ^i, ^2 G VV^ without loss of generality. Then by (3.16) and (2.4), 

(/7(y, ZSpdp) = (/7([y, ziSpdp], Z2Spdp) + {-iy^y^3''''^^ip{ziSpdp, [y, z-2Spdp]) 

= ^p{[yspdp, ziSpdp], Z2Spdp) + (-l)^(^)»('^i V(^iSp4" [v^pdp, z-2Spdp]) 
= (fiyspdp, [ziSpdp, , Z2Spdp]) = (p{yspdp, zSpdp), 
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which gives the second equahty of (3.19). □ 
Note that we have 

= [Wi, Wi] e ¥ui, where m^si--- se^di • • • 9^ e Wi. (3.20) 

We define a hnear function P : Wi ^ F by setting 

P{ui) = 1 and P([Wi, Wi]) = 0. (3.21) 

Then by the second equation of (3.21), we have 

P(H = (-l)^(")^(")p(T;ii) for u,veWi. (3.22) 

Define a bihnear function : Wo x Wo ^ F by setting 

4>{a,b) = ip{aui,bui) = ip{a,bui) for a, 6 e Wo. (3.23) 

where the second equahty follows from Lemma 3.3 and the fact that uiUi = ui. We have 
Lemma 3.4. (j) is a 2-cocycle on Wq satisfying (2.5) and (2.6) (with i replaced by i'^). 

In particular (p — c0o for some c e F if — — 1, or (j) — Yli-yev '^-y^i f^''^ some c-y e F if 

£'^^£s^l,or(l)^Oife'^>lor£'^> 2. 

Proof. The first statement can be verified directly, the second follows from [S2] (we 

remark that although '^^^j- ^7^7 may be an infinite sum, it is summahle in the sense that 

when it applies to any (a, b) for a, 6 e Wo, there are only finite many nonzero terms). □ 
Our main result of this paper is the following. 

Theorem 3.5. (1) Suppose £'^ — £i — 1. Then if^(W, F) = F^q, where (po is defined by 

(fio{au, bv) = 0o(a, b)P{uv) for a, be Wo, u,v e Wi, (3.24) 

and 00 defined by (3.2). 

(2) Suppose £'^ — £z — 1. Then for any 7 e F, there corresponds a cohomology class 
Tp^ e //2(W,F) defined by 

(fij{au, bv) — (f)j{a, b)P{uv) for a,b & Wq, u,v & Wi, (3.25) 

and 0-y is defined by (3.3). Furthermore, i7^(W, F) is a direct product: 

H''{yV,¥)^Y{¥lp^. (3.26) 
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(3) 7/^2 >1 ore'4>2, then H^{yV, F) = 0. 

Proof. The result follows from Theorem 3.1 if £5 = 0. Thus assume £5 > I. First we 
verify that in case of £4 = £4 = 1, a bilinear function (po defined by (3.24) is a nontrivial 2- 
cocycle on W: The super-skew-symmetry follows from the skew-symmetry of 0o and (3.22). 
By (3.14), we have 

(po{au, [bv, cw]) = (po{au, [b, c\vw + cb[v, w]) 

= 0o(a, [b, c])P{uvw) + (poia, cb)P{u[v, w]), (3.27) 

for a,b,c e Wo, u,v,w e Wi. Now the super- Jacobi identity follows from (3.4), (3.22) and 
(3.27) (together with its shifted version). Clearly, (fo is nontrivial since 0o is nontrivial. 
Similarly, in case of £4 = £3 = 1, since (3.27) still holds with cpo replaced by cp^ for any 7 G F, 
one can prove that (p = ^ nontrivial 2-cocycle on W, where (p^ is defined in 

(3.25), and G F for 7 G F such that 7^ for at least one 7 G F. In particular, the 
right-hand side of (3.26) is a direct product. 

Now suppose </? is a 2-cocycle satisfying (2.5)-(2.7). For any 

u^4--- sl'd'^' ■ ■ ■ G Wi, where j^, G {0, 1}, (3.28) 

we define its support to be supp(m) = {p G 1, ^5 | {jp, i-ip) 7^ 0}. We want to prove 

99(0, bu) = for a, 6 G Wo, u G [Wi, Wi]. (3.29) 

Suppose u G [Wi, Wi] is as in (3.28), then u ^ uihy (3.20). Thus there exists p G 1, £5 such 
that u = u'u" for some u' G W^ and u" = 1, Sp or dp. Now take y = a, z = bu' E W^ , by 
(3.18), we obtain (3.29). Let be defined as in (3.23). By using (3.19), (3.21), (3.23), (3.29) 
and induction on the support size #supp(ii), one can similarly prove 

(p{au, bv) — (p{a, buv) = 4>{a, b)P{uv) for a, 6 G Wo, m, v G Wi. (3.30) 

For example, if 7^supp('u) = then (3.30) follows from (3.21), (3.23) and (3.29). 

Now the theorem follows from (3.30) and Lemma 3.4. □ 
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